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Abstract

This report presents results obtained using
an Empirical Bayes approach to improve
cost estimates used in probabilistic, heuris-
tic search algorithms. The details of this ap-
proach, which we call the Bayesian heuris-
tic search ("BHS”) algorithm, are given in
(Seppi et al., 2004). In probabilistic heuris-
tic search, a heuristic is used to create a
probabilistic estimate of solution cost at each
step of the search. These estimates guide
the search algorithm to focus on areas most
likely to yield good solutions. The BHS ap-
proach employed here combines information
from heuristic estimates from other nodes in
the search tree to improve neighboring esti-
mates. The resultant BHS estimates have
significantly lower mean squared error. The
purpose of this report is to demonstrate
the advantage of BHS in simulated environ-
ments especially an environment that does
not match the model assumptions. In a
search with a large branching factor, using
the BHS estimates allows the search to find
solutions while visiting as few as 1/5 of the
nodes visited when the search is guided by a
conventional heuristic.

1 Introduction

Search algorithms are fundamental to the solution to
many problems in artificial intelligence and to many
problems in other areas of computer science. Algo-
rithms for searching large problem spaces can bene-
fit greatly by using heuristic assessments of the best
total solution cost to guide the search. These heuris-
tic functions estimate and/or bound the cost of the
best solution assuming the search proceeds through
the node under consideration. Heuristics which give

a lower bound on the total solution cost are used in
algorithms like A* to find the best possible solution.
Unfortunately, in many cases a tight lower bound is
difficult to find. A poor lower bound results in a
large effective search space, since the bound is un-
able to "rule out” very much of the search space. In
such cases, a probabilistic estimate (an estimate which
gives a probability density over the possible total so-
lution cost through a particular node) may be effec-
tive(Russell & Norvig, 2003) or (Hansson et al., 1992).
A probabilistic heuristic is not guarantee to lead the
search to the optimal solution. For many problems
tight probabilistic estimates are easier to find than a
tight bound and may significantly reduce the search
space, focusing the search on regions that are most
likely to yield a good answer. We assert that heuris-
tics which have lower variance will generally allow the
search algorithm to spend less time searching parts of
the search space which are unlikely to yield a good so-
lution while focusing on regions most likely to contain
good solutions.

In this report an Empirical Bayes method is used to
improve the heuristic estimates; that is, Empirical
Bayes is used on top of whatever heuristic naturally
applies to the search problem. Empirical Bayes meth-
ods are a family of techniques that allow information
from related estimates (heuristic assessments in this
case) to be used to improve the quality of each indi-
vidual estimate. The approach described in this paper
uses estimates from sibling nodes in the search tree
to provide the needed, related estimates. When the
branching factor of the tree is medium or large (20 in
our experiments), the BHS estimates have less than
half the squared error of the conventional estimates.
This improvement allows the search to find the same
quality of solution while visiting only half as many
nodes as a conventional search. For larger branching
factors, the search visits a much smaller percentage of
nodes.

The remainder of this paper is structured as follows:



Section 2 provides further background and introduces
the notation. Section 3 very briefly revisits the algo-
rithm of (Seppi et al., 2004). Section 4 demonstrates
the superiority of the approach experimentally. Sec-
tion 5 summarizes the results, and concludes the pa-
per.

2 Background and Notation

This section gives further background on probabilistic
search as implemented for the purpose of capturing
the benefit of Empirical Bayes. It is assumed that the
reader is familiar with heuristic search algorithms and
with (Seppi et al., 2004).

2.1 Probabilistic Search

For the purposes of this paper, a Search is a search of
a discrete decision space (a graph) for the lowest cost
solution (destination or destinations). A Probabilistic
Search is a search of the space in which a queue of
nodes remaining to be expanded (nodes who’s parents
have been expanded but who’s children have not yet
been explored) is sorted in ascending order of a proba-
bilistic estimate of the solution cost of the best possible
solution (path) that passes through each node, n, in
the queue(O. Hansson, 1990). Figure 1 shows a node
n with its best possible descendent node n*.

Let 60, be the true cost of the best possible solution
on a path through the node n. Let v,, be an imperfect,
probabilistic, heuristic estimate of 8,,.. To the extent
that v, accurately estimates the cost of the best solu-
tion through n (,,.) this function will cause the search
algorithm to expand and find the path to the lowest
cost solution. Table 1 shows this algorithm in greater
detail.

2.2 Bayesian Notation

In order to introduce Empirical Bayes we will need
some basic Bayesian notation. Suppose that we wish
to make a decision based on an unknown, random pa-
rameter §. We use a Prior Distribution, (Prior), to
characterize our understanding of § before we observe
additional data:

0~ g(0) (1)

Suppose also that we are permitted to observe data, y
based on 0. The Sampling Distribution describes the
data as if we knew the parameter:

ylo ~ f(yl0) (2)

Bayes Law allows us to create a Posterior Distribution
which combines our prior understanding of § with the

Basic Probabilistic Search Algorithm

e Create a prioritized queue ("p-queue”) of
nodes such that the nodes are maintained in
ascending order based v,.

e Add the root node to ”p-queue”.

e Iterate over the following until a solution (leaf
node) is found at the head of the queue.

— Remove the node (”current”) from the
head of "p-queue”. This node has the
lowest estimated solution cost.

— Expand all possible children from ”cur-
rent”. For each child node:

+ If the child is a solution node (a leaf
in the tree):
- Set vepiig to Oenirg, the true solution
cost.
* else:
- Compute Vepirg
using a heuristic.
x Add the child to the priority queue.

e Return the solution which was found at the
head of ”p-queue” or return ”failure” if no
solution exists.

Table 1: algorithm.
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Figure 1: The node n*: The optimal solution under
the node n.

understand of 8 that we can infer from our observation

of y:
iy TWl9)g(9)
Oly ~ g(fly) = W) (3)
where
v~ £ = [ 1i0)a(o)a0 (4)

is the Marginal or unconditional distribution of y.

Note that for the Normal distribution we let the prior
be

0 ~ Normal(0y,o2) (5)
and the sampling distribution be
y|0 ~ Normal(0, crfl) (6)
which yields the following posterior distribution:
0|y ~ Normal((1 —B)y—i—BO(hog(l -B)) (7

where:

0.2

B=—" (8)
0§+8

and the posterior mean is:

0 = (1 — B)y + Bty (9)

The marginal is:
y ~ Normal(fy, 03 +a3) (10)

See (DeGroot, 1970).

2.3 Empirical Bayes

In Empirical Bayes we use the marginal distribution 4
or 10 in the Normal case, as a basis for determining
an unknown parameters for the Prior 1, §p and o3 in
the case of 5. Note that refGenericMarginal is the dis-
tribution one would observe if a sample of y — i’s were
drawn unconditionally on 6, That is, draw a 6 from 6|«
then draw a y from y|f, «. We will refer to this as the
Empirical Bayes Sample. If we are trying to estimate
a vector of parameters, 6 given a corresponding vector
of observations, y rather than a single value 6, then gy
is exactly such an Empirical Bayes sample. Using y we
can compute a Maximum Likelihood Estimators of the
mean and variance of 10. If 05 is known we can solve
for the unknown 6y and 2. We can use 6y and o3
to define a common Prior Distribution, ¢g(f) and use
Bayes law to compute a 0 for each y; in the usual fash-
ion as shown in 7 through 9. This approach effectively
pools the observations, y, to create an empirically de-
fined Prior. In the case where all the distribution are
Normal, this is equivalent (Morris & Efron, 1972) to
Stein’s estimator (Stein, 1955). Stein’s estimator can
be shown to yield lower expected total mean squared
error (Morris, 1983).

3 Empirical Bayes Assisted Search
Algorithm

The BHS uses the heuristic values from sibling search
nodes as y and computes improved heuristic values
(07) for using the Empirical Bayes approach described
above. The lower mean Squared error of 65 (vs. y;, the
normal heuristic value) more quickly guides the search
to its objective.

Note that in this formulation g(#) represents the hid-
den process that created the sibling nodes.

4 Results

(Morris, 1983) shows that Empirical Bayes estimators
can have significantly lower variance than conventional
estimators. Using a simulated search problem the ob-
served variance of the Empirical Bayes estimates is
much lower than the variance of conventional esti-
mates, as one would expect. The reduced variance of
the Empirical Bayes estimator profoundly affects the
performance of the search. Unlike (Seppi et al., 2004)



we have structured the search to continue until a so-
lution is found that is better than a given confidence
interval. In the case of our experiments we subtracted
one standard deviation from the posterior mean, that
\/72(1 — B) rather than just 6. Like-
wise we used y — sigma, instead of just y (although
this has no impact on the order of the search since o,
is a constant. Also, unlike (Seppi et al., 2004) we ran
the search until a minimal cost path was found which
was better (lower cost) that any heuristic estimate less
one standard deviation. Since the both the conven-
tional and /ebayes/ search proceeded until it achieved
this confidence, both achieved essentially identical so-
lutions. Both searches found solutions within 0.2% of
the true best solution (which is know by construction
in our simulation study). The impact of the Empirical
Bayes estimator is manifest in the number of nodes
searched to achieve the solution.

is we used 6* —

Figure 2 shows the average (over 100 repetitions) num-
ber of nodes searched in a tree with depth 4 and at var-
ious branching factors. The true solution costs are ob-
tained from the sum of randomly generated edge costs
(Normal(100,1)). The error is also randomly generated
(Normal(0,10)).

As the branching factor rises there is progressively
more information in the pool of sibling nodes. This sig-
nificantly slows the exponential increase in the number
of nodes searched, although both curves demonstrate
the naturally exponential shape we would expect from
a tree search. The Empirical Bayes approach reduces
the effective branching factor by approximately 50%.

The results in Figure 2 are based on an environment
where the model assumptions hold, including Nor-
mally distributed solutions and Normally distributed
error. Figure 3 shows the results from the same set of
experiments but in which the model assumptions are
violated. In these experiments the solution costs and
the errors are Uniformly distributed but with the same
mean and variance as in experiments shown in 2, to
allow comparison. Violating the model assumptions
reduces the effect of the Empirical Bayes approach,
(the effective branching improves by only 40%), but
the results are still compelling.

5 Conclusions

These simulation results show that there is a large ben-
efit to be gained from the use of BHS in the context
of search problems where a probabilistic estimate is
used to guide the search. These simulation results
demonstrate that even when the model assumptions
are violated, BHS retains most of its advantage over
conventional probabilistic search heuristics.
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Figure 2: Nodes searched to find equivalent solutions,
Conventional vs. Empirical Bayes, Model assumptions
hold.
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Figure 3: Nodes searched to find equivalent solutions,
Conventional vs. Empirical Bayes, Model assumptions
violated.



This approach has also been applied to real world
problems, specifically guided model checking (Seppi
et al., 2004). In this context the search is used to find
errors in software or hardware systems given formal
definitions of these systems. In this context, errors in
models were found using the empirical bayes search
where conventional techniques had to search & orders
of magnitude more states (nodes) to find the error.
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